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Abstract
In the frame of our approach we constructed the generalized os-
cillator connected with Krawtchouk polynomials (named Krawtchouk
oscillator) and coherent states for this oscillator too. Ours re-
sults are compared with analogues ones obtained for another
variant of Krawtchouk oscillator in the paper [N.M.Atakishiev
and S.K.Suslov, Difference analogs of the harmonic oscillator,
Teor. Mat. Fiz., 85, 64-73 (1990)] from other point of view.
Our definition of coherent states is close to one given in [B.Roy
and P.Roy, Phase properties of a new nonlinear coherent state,
quant-ph/0002043]1
1. Introduction. The Krawtchouk polynomials ([1] - [3]) have inter-
esting applications in the quantum optics (for instance see the oscillator
model studied in the papers [4], [5]). These polynomials provide an impor-
tant example of the classical orthogonal polynomials of discrete variable. It
is very attractive for some applications that they can be considered as finite-
dimensional approximations of the Hermite and Charlier polynomials [3].
In the papers [6] - [11] the authors proposed a new approach to construction
of oscillator-like systems (so-called generalized oscillators) connected with
given family of orthogonal polynomials. Furthermore, in these papers was
introduced and investigated the coherent states for this type oscillators.
Now in the frame of our approach we construct the generalized oscillator
connected with Krawtchouk polynomials (named Krawtchouk oscillator)
1This investigation is partially supported by RFBR grant No 06-01-00451
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and coherent states for this oscillator too. Our results are consistent with
analogous ones obtained in the papers [4], [5], in which similar oscillator
was considered from other point of view.
The most attention in our paper is given to construction of coherent
states. Because of the space of the states for Krawtchouk oscillator is finite-
dimensional space it is obvious that the annihilation operator cannot have
any eigenvalue differ from zero. This means that in this case the standard
definition of coherent states as eigenvectors of this operator (the coherent
states of Barut - Girardello type) falls. In this connection we generalize
the method of the construction of coherent states that goes back to the
Glauber’s papers [12]. This approach was used in the case of so-called
finite-dimensional (truncated) variant of the standard boson oscillator in
the paper [13]. We compare the resulting coherent states for Krawtchouk
oscillator with ones considered in the papers [4], [14], [15].
2. Krawtchouk Polynomials. Let us recall the definition of Krawtchouk
polynomials ([1] - [3])
Kn(x; p,N) := 2F˜1
(
−n,−x
−N
∣∣∣∣p−1) = N∑
k=0
(−n)k(−x)k
k!(−N)k p
−k (1)
where 0 < p < 1, n = 0, 1, . . . , N, and
(a)0 = 1, (a)k = a(a+ 1) · . . . · (a+ k − 1) = Γ(a+ k)
Γ(a)
. (2)
It is convenient for construction of generalized oscillator to renormalize the
Krawtchouk polynomials, following [6]
K˜n(x; p,N) =
√
ρ(n, p,N)Kn(x; p,N), n = 0, 1, . . . , N, (3)
where
ρ(n, p,N) = CnNp
n(1− p)N−n, CnN :=
N !
Γ(n+ 1)Γ(N − n+ 1) . (4)
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The renormalized Krawtchouk polynomials K˜n fulfill recurrent relations
with symmetrical Jacobi matrix
xK˜n(x; p,N)=bnK˜n+1(x; p,N)+anK˜n(x; p,N)+bnK˜n−1(x; p,N), n=0, 1, . . . , d,
(5)
K˜0(x; p,N) = 1, (6)
where
an = p(N−n)+n(1−p), bn = −
√
p(1− p)(n + 1)(N − n), n = 0, 1, . . . , N.
(7)
The Krawtchouk polynomial K˜n(x; p,N) is a solution of the difference equa-
tion
− nK˜n(x; p,N)(x; p,N) = p(N − x)K˜n(x; p,N)(x + 1; p,N)−
− [p(N − x) + x(1− p)] K˜n(x; p,N)(x; p,N)+
+ x(1− p)K˜n(x; p,N)(x− 1; p,N) (8)
We recall also orthogonality relations for Krawtchouk polynomials
N∑
x=0
ρ(x; p,N)K˜m(x; p,N)K˜n(x; p,N) = δm,n; (9)
N∑
x=0
ρ(n; p,N)K˜n(x; p,N)K˜n(y; p,N) = δx,y, (10)
where 0 < p < 1 and n, x = 0, 1, . . . , N.
3. Krawtchouk Oscillator. Now we describe (following [6]) the
construction of Krawtchouk oscillator. Let H˜p,N = ℓ2N+1(ρ(x; p,N)) be
the N + 1-dimensional Hilbert space spanned by the orthonormal basis{
K˜n(x; p,N)
}N
n=0
(with weight function ρ(x; p,N)). We call the Krawtchouk
oscillator the oscillator - like system in H˜p,N defined by generalized opera-
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tors of ”coordinate” X˜, ”momentum” P˜ and quadratic Hamiltonian H˜
X˜ : = Re(X − P ), (11)
P˜ : = −iIm(X − P ), (12)
H˜ : =
1
4p(1 − p)
(
X˜ 2 + P˜ 2
)
. (13)
Here the selfadjoint operators X and P are defined by the action on basis
elements K˜n(x; p,N) in the Hilbert space H˜p,N
XK˜n(x; p,N)=bnK˜n+1(x; p,N)+anK˜n(x; p,N)+bn−1K˜n−1(x; p,N),
(14)
PK˜n(x; p,N)=−ibnK˜n+1(x; p,N)+anK˜n(x; p,N)+ibn−1K˜n−1(x; p,N),
(15)
XK˜0(x; p,N) = b0K˜1(x; p,N) + a0K˜0(x; p,N), (16)
PK˜0(x; p,N) = −ib0K˜1(x; p,N) + a0K˜0(x; p,N), (17)
where
an = p(N−n)+n(1−p), bn = −
√
p(1− p)(n + 1)(N − n), n = 0, 1, . . . , N,
(18)
The action of creation and annihilation operators
a˜± :=
1
2
√
p(1− p)
(
X˜ ± iP˜
)
, (19)
on the basis states in H˜p,N are given by the relations
a˜−K˜n(x; p,N) = −
√
n(N − n+ 1)K˜n−1(x; p,N), (20)
a˜+K˜n(x; p,N) = −
√
(n + 1)(N − n)K˜n+1(x; p,N). (21)
These operators fulfill commutation relations[
a˜−, a˜+
]
= (N − 1)I − 2N (22)
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where operator N is defined by
N K˜n(x; p,N) = nK˜n(x; p,N). (23)
From the relations (20)-(21) it follows that the eigenvalues of Hamilto-
nian operator
H˜ =
1
2
(
a˜+a˜− + a˜−a˜+
)
(24)
are given by (0 ≤ n ≤ N)
H˜K˜n(x; p,N) = λnK˜n(x; p,N), λn = N(n+
1
2)− n2, (25)
so that λN = λ0 =
1
2N. Using the results obtained in [7] it can be shown that
difference equation (8) for Krawtchouk polynomials K˜n(x; p,N) is equiv-
alent to eigenvalue equation for Hamiltonian H˜ in the space H˜p,N . For
obtaining the explicit expression of this operator as a difference operator in
H˜p,N it is convenient to compare our variant of Krawtchouk oscillator with
one was considered in [4].
4. Comparison of Krawtchouk oscillator with variant consid-
ered in the work of Atakishiev and Suslov [4]. In the works [4], [5]
Atakishiev and Suslov studied the Krawtchouk oscillator with Hamiltonian
HAS = 2p(1−p)N+ 1
2
+(1−2p) ξ
h
−
√
p(1− p)
[
α(ξ)eh∂ξ + α(ξ − h)e−h∂ξ
]
,
(26)
where
h =
√
2Np(1− p), α(ξ) =
√(
(1− p)N − ξ
h
)(
pN + 1 +
ξ
h
)
. (27)
This operator is defined in the Hilbert space HAS = ℓ2(ξ) with orthonormal
basis consisting of Krawtchouk functions
Ψn(ξ) = (−1)n
√
CnN
(
p
1− p
)n
ρ(pN +
ξ
h
; p,N)Kn(pN +
ξ
h
; p,N), (28)
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which fulfill the orthogonality relations (ξj = h(j − pN))
N∑
j=0
Ψn(ξj)Ψm(ξj) = δn,m,
N∑
n=0
Ψn(ξi)Ψn(ξj) = δi,j. (29)
The Krawtchouk functions are eigenfunctions of Hamiltonian HAS in the
space HAS
HASΨn(ξ) = λnΨn(ξ), λn = n =
1
2
, n = 0, 1, . . . , N. (30)
The Hamiltonian HAS can be factorized
HAS(ξ) =
1
2
[
A+, A−
]
+
1
2
(N + 1), (31)
by ladder operators
A+(ξ) = (1− p)e−h∂ξα(ξ)− pα(ξ)eh∂ξ +
√
p(1− p)
(
(2p − 1)N + 2ξ
h
)
,
(32)
A−(ξ) = (1− p)α(ξ)eh∂ξ − pe−h∂ξα(ξ) +
√
p(1− p)
(
(2p − 1)N + 2ξ
h
)
,
(33)
which act on the basis elements according to
A+(ξ)Ψn(ξ) =
√
(n+ 1)(N − n)Ψn+1(ξ), A−(ξ)Ψn(ξ) =
√
n(N − n+ 1)Ψn−1(ξ).
(34)
The operators A± and the operator
A0(ξ) :=
1
2
[
A+(ξ), A−(ξ)
]
(35)
fulfill the commutation relations of the Lee algebra so(3)[
A+(ξ), A−(ξ)
]
= 2A0(ξ),
[
A0(ξ), A
±(ξ)
]
= ±A±(ξ). (36)
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Let us denote by H˜AS the selfadjoint operator in the Hilbert space Hp,N
that unitary equivalent to the selfadjoint operator HAS in the space HAS
H˜AS = T
−1HAST. (37)
The explicit expression for unitary operator T : Hp,N → HAS is rather
cumbersome. For brevity we omit it. It follows from comparing the spec-
trum of the hamiltonian operators H˜ and H˜AS that these operators are
connected by the relation
H˜ = −
(
H˜AS − 1
2
I
)2
+NH˜AS. (38)
5. Coherent states for Krawtchouk oscillator. We consider the
(N+1)-dimensional Hilbert space Hp,N as the Fock space F equipped with
the basis states |0〉, |1〉, . . . , |N〉. Note that in coordinate picture we have
〈x|n〉 = K˜n(x; p,N).
We define the coherent states (of the Glauber type) in F by the relation
|z〉 =
N∑
n=0
(za˜+ − z¯a˜−)n
n!
|0〉. (39)
One can rewrite this definition in the following form (wich is close to the
coherent state considered in [13])
|z〉 =
N∑
l=0
∞∑
n=l
dNn,l
(√
2bl−1
)
!
n!
(−z¯) 12 (n−l)(z) 12 (n+l)|l〉 (40)
where bk are given by (7) and coefficients d
N
n,l fulfill the recurrence relations
dNn,l = θld
N
n−1,l−1 + 2b
2
l θl+1d
N−1
n−1,l+1, (41)
dNn−1,−1 = 0, d
N
0,0 = 1, d
N
n,n+k = 0 for k > 0. (42)
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The solution of these recurrence relations has the form
dNn,l =
1(
2b 2l−1
)
!
∑N
k=0
(
ψ˜−2N (xk)
) N∑
k=0
ψ˜l(xk)(
ψ˜N (xk)
)2 , (43)
here xk (k = 0, 1, . . . , N) are the roots of the equation
ψ˜N+1(x) = 0, (44)
where
ψ˜n(x
√
2) =
(√
2bn−1
)
!K˜(0)n (x; p,N), (45)
and polynomials K˜
(0)
n (x; p,N) fulfill the recurrent relations
xK˜(0)n (x; p,N)=bnK˜
(0)
n+1(x; p,N)+bn−1K˜
(0)
n−1(x; p,N), n = 0, 1, . . . , N,
(46)
K˜
(0)
0 (x; p,N) = 1, (47)
which can be obtained from (5) if we put an = 0.
With help of the relations (43) and (45) we can rewrite the expression
for the coherent states in the form
|z〉 = 1∑N
k=0
(
ψ˜−2N (xk)
) N∑
l=0
(
− iz|z|
)l 1(√
2bl−1
)
!
(
N∑
k=0
K˜l(xk; p,N)
(K˜N (xk; p,N))2
ei|z|xk
)
|l〉
(48)
5. Comparison with other types of coherent states. Let us com-
pare definition of coherent states given above with some other definitions
of coherent states for Krawtchouk oscillator: the so-called spin coherent
states [4], [14] and phase - type coherent states [15].
The spin coherent states for Krawtchouk oscillator in papers [4], [14]
was given in the form
〈x|ξ〉 = (1 + |ξ|2)−N/2 N∑
n=0
√
CnN ξ
nΨn(x), (49)
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where Ψn(x) defined by (28). It is obvious that these states differ from the
states (48).
The phase coherent states suggested in [15] look as
|z〉 =
(
1 +
∣∣∣∣ 2πzN + 1
∣∣∣∣2
)−N/2 N∑
n=0
√
CnN
(
2πz
N + 1
)n
|θn〉, (50)
where
|θn〉 = (N + 1)−
1
2
N∑
k=0
eikθn |k〉, θn = θ0 + 2πn
N + 1
, n = 0, 1, . . . , N + 1.
(51)
These states are also different from the states (48) given above.
Our coherent states (48) similar to the so called finite-dimensional co-
herent states suggested in [16],[13] in the framework of the Pegg - Barnet
formalism. We plain to consider the main properties of coherent states (48)
in other publication.
References
[1] G.Szego˝, Orthogonal Polynomials, Fourth edition, Colloquium Publi-
cations, Vol. 23, Amer. Math. Soc. Providence R.I., 1975;
[2] A.Erde´lyi, W.Magnus, F.Oberhettinger and F.G.Tricomi, Higher tran-
scendental functions, Vol.II, McGraw-Hill, 1953;
[3] R.Koekoek and R.F.Swarttouw, The Askey-scheme of hypergeometric
orthogonal polynomials and its q-analogue, Report 94-05, Faculty of
Technical Mathematics and Informatics, Delft University of Technol-
ogy, Delft, the Netherlands, 1994, [math.CA/9602214];
[4] N.M.Atakishiev and S.K.Suslov, Difference analogs of the harmonic
oscillator, Teor. Mat. Fiz., 85, 64-73 (1990) [Theor. Math. Phys. 85,
1055-1062 (1990)];
9
[5] N.M.Atakishiev and K.B.Wolf, Fractional Fourier-Kravchuk trans-
form, J. Opt. Soc. Amer. A 14 no.7, 1467–1477 (1997);
[6] V.V.Borzov, Orthogonal Polynomials and Generalized Oscillator Alge-
bras, Integral Transforms and Special Functions, 12, no.2, 115 (2001),
[math.CA/0002226];
[7] V.V.Borzov and E.V.Damaskinsky, Realization of the annihilation op-
erator for generalized oscillator-like system by a differential operator,
Integral Transforms and Special Functions, 13, no.2, 547-554 (2001),
[math.QA/0101215];
[8] V.V.Borzov and E.V.Damaskinsky, Generalized Coherent States for
Classical Orthogonal Polynomials, pp.47-53 in the Proc. of the inter-
national seminar Day of Diffraction 2002, Sankt-Petersburg, Russia,
2002, [math.QA/0209181];
[9] V.V.Borzov and E.V.Damaskinsky, Generalized coherent states for
q-oscillator connected with q-Hermite polynomials, pp.37-45 in
the Proc. of the international seminar Day of Diffraction 2003,
[math.QA/0307356];
[10] V.V.Borzov and E.V.Damaskinsky, Generalized coherent states for os-
cillator connected with Meixner Polynomials, pp.35-42 in the Proc. of
the international seminar Day of Diffraction 2004;
[11] V.V.Borzov and E.V.Damaskinsky, Coherent states and uncertainty
relations for generalized oscillators connected with the given families
of orthogonal polynomials, pp.40-44 in the Proc. of the international
seminar Day of Diffraction 2005;
[12] R.J.Glauber, The Quantum Theory of Optical Coherence, Phys. Rev.
130, 2529-2539 (1963);
R.J. Glauber, Coherent and incoherent states of radiation field, Phys.
Rev. 131, 2766-2788 (1963).
10
[13] A.Miranowicz, K.Piatek, and R.Tanas´, Coherent states in a finite di-
mensional Hilbert space, Phys.Rev.A, 50, no.4, 3423 (1994);
[14] B.Roy and P.Roy, Phase properties of a new nonlinear coherent state,
[quant-ph/0002043];
[15] B.Roy and P.Roy, Coherent states, even and odd coherent states in
a finite-dimensional Hilbert space and their properties, J.Phys.A., 31,
1307-1317 (1998);
[16] V.Buzek, A.D.Wilson-Gordon, P.L.Knight, W.K.Lai, Coherent states
in a finite-dimensional basis: Their phase properties and relationship
to coherent states of light, Phys. Rev. A, 45, 8079-8094 (1992);
11
